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Abstract. In this paper we consider the fractional tangent bundle on 
a differentiable manifold. A fractional Leibniz structure on an algebroid is 
defined. The fractional dynamical system on a fractional Leibniz algebroid is 

(N 
On 

r- 1 Introduction 

o 



> 



defined and it is discussed. Some illustrative examples are presented^] 



The theory of derivative of noninteger order goes back to Leibniz, Liou- 
ville, Riemann, Grunwald and Letnikov. Derivatives of fractional order have 
found many applications in recent studies in mechanics, physics, economics, 
medicine. Classes of fractional differentiable systems have studied in [10], [4]. 

In the first section the fractional tangent bundle to a differentiable mani- 
fold is defined, using the method of Radu Miron's from [8]. In this paper the 
fractional dynamical systems on fractional Leibniz algebroids are presented. 
The associated geometrical objects have an geometric character. Also, some 
examples for fractional dynamical systems of this type are given. 
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2 Fractional tangent bundle on a manifold 



Let / : [a, b] — > R and a G R, a > 0. The Riemann - Liouville fractional 
derivative at to left of a , respectively at to right of b is the function 
/ ~>a D?f resp. / -> t D£/, where: 

= T^(-iri t b (t-sr^-\f( S )-f(b))ds, 

where m G N* such that rn — l<a<m,ris the Euler gamma function and 

/ d \ m. d _ d _ _ii 



V dt J dt dt ■■■ df 

We will denote sometimes = a D ( a 

The following proposition holds. 

Proposition 2.1 ([3]) (i) If lim^oo a n = p £ N*, £/ien: 

lim ( a A a "/W) = D*f(t), lim ( t D?»/(f)) = D*f(t).. (2) 

n— >oo n— »oo 

f M j///(i)=c,(V)iG[a,6], D?f(t)=0. 
(Hi) If h(t) = t\ (V)t G [a, 6], then D?f\(t) = j^^fr-". 
If f\, f\ are analytical functions on (a,b), then: 

mhh)it) = e(^) D r k h(t)(j t ) k f2(t). (3) 

^ /// : [a, 6] — > i? analytical function on (a, 6), and G (a, 6) t/ien: 

oo 

/(^^^(t)^/(i)| t =o, (4) 

/i=0 

where E a h is the Mittag - Leffler 's function: 

E a h (t) = y — — -t ah . (5) 

* v ; ^ F(l + ah) K ' 

□ 

Let a G R, a > and M be a manifold of dimension n and U a local 
chart on M. We say that the curves c 1 , c 2 : J — > M, G /, Ci(0) = c 2 (0) G M 
have fractional contact a in x , if for all / G C°°(?7),Xo G [/, the following 
relation holds: 

Dn.fo Cl )\ t=0 = D?(foc 2 )\ t=0 . (6) 
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The set of equivalences classes ([c]° ) is called the fractional tangent space 
in x and it is denoted by T" (U). 

Let T a (M) = \J Xo eM T x ( U ) and the projection n a : T a (M) -> M given 
by ^{[cfj = x . 

On T a (M) there exists a differentiable structure and we can prove that 
(T a (M), ir a , M) is a differentiable bundle. 

In a system of local coordinates on M, if x G £/ and c : / — > M is a curve 
given by = x l (t), (V)t G I, the class ([c]° ) is given by: 

afy) = a'fl)) + * T ^(t)U t6(e,e). (7) 
f (1 + a J 

On the open set (7r a ) -1 (f7) G T a (M), the local coordinates of the element 
([c]° ) are (x\y 1 ^), where: 

x* = x\0), y ^) = —^-D«x\t),i=T^. (8) 

1 (1 + a) 

Proposition 2.2 ([1], [2] ) Let U, U be two local charts on M such that 
UnTJ V and 

cPv 1 — 
x 1 = x\x\x 2 ,...,x n ), det(—)^0, i = l,n (9) 

the coordinate transformations. The coordinate transformations on (7r a ) _1 (C/n 
U) are given by: 

x i = x i (x 1 ,x 2 ,...,x n ), f {a) = J j (x,x)y j{a \ (10) 

where: 



at i 

r(l + o 

and D"i is defined by: 



J j(^) = wv-^ D ^ X T ( n ) 



rx l f(x 1 ,...,x t " 1 ,s,x i + 1 ,...,x n )-f(x 1 ,...,x i ~ 1 ,a i ,x i+1 ,...,x n ) » 
3a? {x i -s) a ' 



(12) 



with U ah = {x G U, a 1 < x' 1 < b\ i = 1, n} C £7. □ 
Let P 1 (?7) the module of 1 - forms defined on £7 CM. Using the fractional 
exterior derivative d a : C°°(f7) -> P 1 ^), / -> d Q (/) ( see [2] ), where ci Q (/) 
is given by: 

d a {f) = d{xTD a xi {f) (13) 
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follows: 

d(af) Q = J j (x,x)d(x') a 

< D% = Z(x,x)D« (14) 

*• J fcyX ^ Xj J j yX ^ XJ Sj . 

We denote by X a {U) the module of fractional vector fields generated by 

a 

the operators {D" { , i = l,n}. A fractional vector field X e X a {U) has the 
following form: 

X = XD%, X e C°°(U),i = T~n, (15) 

which for a change of local charts, the correspondent components satisfies 
the relations: 

a 1 a i a 3 

X — Jj(x,x)X , i,j — l,n. (16) 
The fractional differentiable equations associated to fractional vector field 

a 

X is: 

D«x\t) =X (x(t)), i = T~n (17) 
or equivalently ( using the notation (8)): 

r(l + a)/ a) (t) =X(x(t)), i = I~ra. (18) 

The fractional differential equations (17) with initial conditions have so- 
lutions, see [3]. Examples of fractional differentiable equations on R can be 
find in [4]. 



3 Fractional Leibniz dynamical systems 

Let the module X a (U) of fractional vector fields generated by the op- 
erators {D"i, i — l,n} and the module T> a (U) generated by the 1— forms 
{d(x l ) a , % = l,n}. Applying the Proposition 2.2 it follows: 

(d(xT)m) = D«(xT = r(l + a)5). (19) 

If 1 e X a (U) and u G V a (U) such that u = a^(af) Q , then 5(1) = 
T(l + a)Xui. 
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Let be a fractional 2— contravariant tensor field B e X a (U) x ,Y a (£/) 
and d a f,d a g e V a {U) defined by (13). 

The bilinear map [•, -] a : C°°(M) x C°°(M) -> C°°(M) defined by: 

\f,g] tt = B(<rf,<r g ), (V)f,geC°°(M), (20) 

is called the fractional Leibniz bracket. 
If £ = B 3 D*i <g> D«, from (20) follows: 

\f,g]° = B a -DZf.DZg. (21) 



Since 



it follows 



D a Afh)(x) = jt( a k ) ( D 7 k f( x ))(-L) kh (x), (22) 

°° / \ ij F) 

^ ?r = EUP W*/) ■ (g^) k h ■ D$9, (23) 
k=o ^ ' 



Similarly, one obtain 



00 / \ ij f) 

lL9h] a = W/) • ^"(5) • fa)^ (24) 

fe=0 ^ ' 



The pair (M, [•, •] a ) is called fractional Leibniz manifold. If the bracket 
[•,•]" is skew-symmetric, that is [/, g] a = — [g,f] a for all f,g e C°°(M) we 
say that (M, [•, -] a ) is a fractional almost Poisson manifold. If en — > 1, then 
one obtain the concept from [6]. 

a 

For h e C°°(M), the fractional vector field X h defined by 

X h (f) = [f,hr, (V)/Gr(I), (25) 
is called the fractional Leibniz vector field associated to h. The fractional 

a 

dynamical system associated to X h is called the fractional Leibniz dynamical 
system. 

If (x l ), i — 1, n is a system of local coordinates on M, then the fractional 
Leibniz dynamical system is given by 

D«x\t) = [x\t), h(t)] a , where \x\ h] a = b' ■ D a xJ h. (26) 
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Example 3.1. Let the constant fractional 2— contravariant tensor g = 
(g J ) denned on R 3 by 

/ si7i \ 

(27) 



siTi 











S2I2 











S373 



where si, S2, S3 G {—1,1} and 71, 72, 73 satisfies the relation 71 + 72 + 73 = 0. 
For h = x 1 x 2 x 3 , the associated fractional Leibniz dynamical system is 

Dfx 1 = saiD^(h) = r gL ySl7l xV(x 1 ) 1 ^ 

otjl — n« fh\ — r ( 2 ) o „, ^1^,3/^,2^1-0 



Dfx 3 = s 3 <y 3 D« 3 (h) = fg^s 3 73X 1 x 2 (x 3 ) 1 - Q . 
If ck —> 1, it follows the system (7) in [10]. 

a 

For h = (x 1 ) a (x 2 ) a (x 3 ) a , the associated fractional Leibniz dynamical sys- 
tem is 

Dfx 1 = r(l + a)si7ixV 

Dfx 2 = T(l + a)s 2 7 2 x 1 x 3 (29) 

Dfx 3 = r(l + a)s 3 7 3 x 1 x 2 . 

□ 

a 

Let P be a skew-symmetric fractional 2— contravariant tensor field and a 

ex. 

non-degenerate symmetric fractional 2— contravariant tensor field g on the 
manifold M. We define the bracket [•, -} a : C°°(M) x C°°(M) -> C°°(M) by 

[/,/i] a = P(d a f,d a h)+g(d a f,d a h), (S)f,he C°°(M). (30) 

a a 

The 4— tuple (M, P, g, [•, •]") is called fractional almost metric manifold. 
The fractional dynamical system associated to h G C°°(M) is 



D t V(t) = [x l (t),/i(t)] a , where [x',li] a = ? ^Ii + fl)^. (31) 

Example 3.2. Let be the fractional 2 - contravariant tensors fields P = 
(P ),g — (g J ') on R 3 and the function h G C°°(R 3 ) given by : 

x 3 —x 2 
-x 3 x 1 



x 



,2 



-x 1 
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-a 2 (x 2 ) 2 — a 3 (x 3 ) 2 aia 2 x 1 x 2 aia^x 3 

a\a 2 x x x 2 —a\(x v ) 2 — a 3 (x 3 ) 2 a 2 a 3 x 2 x 3 

did^x 3 a 2 a 3 x 2 x 3 —ai(x r ) 2 — a 2 (x 2 ) 2 

h={ ai + l)^ 1 )" + (a 2 + l){x 2 ) a + (a 3 + l){x 3 ) a . 

Since D^h = (a t + l)r(l + a), D« 2 h = (a 2 + l)r(l + a), 
D" 3 /i = (a 3 + 1)T(1 + a), the fractional Leibniz dynamical system (31) asso- 
ciated to h is 

Dfx 1 \ ( di + 1 \ /^l 



Dfx 2 |=r(l + a)P| a 2 + l |+r(l + a)^| a 2 + 1 



Dfx 3 I \ a 3 + 1 I \ a 3 + 1 



ai + 1 

= r(l + a)(P + £) | a 2 + l | .□ 

a 3 + 1 

Let be two fractional 2 - contravariant tensors fields P and g on M. Define 
the bracket [•,(•, •)] : C°°(M) x C°°(M) x C°°(M) -> C°°(M) by: 

[/,/>]" = Pi^f^^+gi^f,^^), (ftfMM e C°°(M). (32) 

The fractional vector field X hlfl2 defined by 

* fclfca = [/, (fci, M. (V)/ G C°°(M). (33) 
is called the fractional almost Leibniz vector field associate to the functions 

a 

h±,h 2 G C°°(M). The dynamical system associated to is called the 

fractional almost Leibniz dynamical system. 

Locally, the fractional almost Leibniz dynamical system is given by: 



a 1-3 



D?x l (t) = P D^h + g D%h 2 . (34) 

a 

Example 2.3. Let be the fractional 2 - contravariant tensors fields P = 



P )) 9 — (g 3 ) on R 3 an d the functions hi, h 2 £ C°°(R 3 ) given by : 






1 





-1 





x 1 





— x 1 






a 
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3\2 




h x = (x 2 ) 1+a + (x 3 ) 



„3\l+a 



ho 



(x l ) 1+a + {x 6 ) 



3\a 



Since 

D$h 1 = 0, D«Si = T(l + a)x 2 , D«Si = T(l + a)x 3 ; 

D a xl h 2 = T{l + u)x\ D« 2 h 2 = 0, D° 3 h 2 = r{l + a), 

the system (34) becomes: 

1 \ / 
-1 x 1 ) I T(l + a)x 2 | 

-x 1 / V r(l + a)x 3 



( Dfx 1 \ 




Dfx 2 




\ D ? x3 J 







or equivalently 

Dfx 1 = r(l + a)x 2 

Dfx 2 = rXl + ajxV (35) 

Dfx 3 = -r(l + a)x 1 x 2 -r(l + a)(x 2 ) 2 . 

The system (35) is called the fractional Maxwell- Block equations. 

If in (35) we take a — > 1, then one obtain the Maxwell-Bloch equations. 



4 Fractional Leibniz algebroids 

Let M be a smooth manifold of dimension n , let n : E — ■> M be a vector 
bundle and 7r* : D* — > M the dual vector bundle. By Sec(M, E) or Sec(ir) 
we denote the sections of n. 

A fractional Leibniz algebroid structure on a vector bundle n : D — > M 
is given by a bracket ( bilinear operation ) [•, on the space of sections 
Sec(7r) and two vector bundle morphisms Pi,p 2 '■ E — > T a M ( called the Ze/£ 
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and the right fractional anchor , respectively ) such that 

[e a ,e b } a = C c ab e c 

[fo-i,gor 2 ] a = fp l {(J l )(g)a 2 -gp 2 (a 2 ){f)a l + fg[a l ,a 2 } a 

for all <7i,<t 2 e Sec(n) and f,g G C°°(M). 

A vector bundle n : E —> M endowed with a fractional Leibniz algebroid 
structure ([•, -] a , p 1; p 2 ) on i? , is called fractional Leibniz algebroid over M 
and denoted by (i?, [•, •]", p 1; p 2 ). 

A fractional Leibniz algebroid with an antisymmetric bracket [-,•]" ( in 
this case we have < p 1 = — p 2 ) is called fractional pre - Lie algebroid. 

In a system of local coordinates the relation (36) reads: 

Ke a , a b 2 e b f = af Pl (e a )(a b 2 )e b - afp 2 {e a ){a\)e b + a?<7*C^e c . (37) 
If 3i(e a ) = Pi a ^, p 2 (e 6 ) = p 26 .D£, from (37) follows: 

[<e a , a 2 b e 6 ]« = afp[ a (D^a b )e b - a a 2 p 2a (D«o- b )e b + o\a\Cl h e c . (38) 

In the following, we establish a correspondence between the fractional 
Leibniz algebroid structures on the vector bundle n : E — > M and the frac- 
tional 2- contravariant tensor fields on bundle manifold E* of the dual vector 
bundle n* : E* -> M. 

For a given section <r G Sec(ir), we define the function on _E* by the 
relation : 

i E *o-(a) =< a(7i*(a)),a >, for a £ £*, (39) 

where < •, • > is the canonical pairing between E and E*. If a = a a e a and 
a E E* has the coordinates (x\£ a )> then: 

i s .<7(a) = a°£a. (40) 

a 

Let A be a fractional 2 - contravariant tensor field on E* and the bracket 
[•, •]<* of functions defined by: 

[f,gU = f(d°#f,d°#g), (V) f,ge C°°(E*), (41) 

A 

where 

d°*f = d(xTD«f + d(i a fDlj = d a (f) + d?(f). (42) 
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In the basis {D°,Dg},i = l,n,a= l,m of the module ^(tt* -1 ([/)), 
the components A alS are given by: 

A«* = A ab Dl ® £f b + Ai a L>£ ® D"i + Al a D« ® . (43) 
For a given fractional 2 - contravariant tensor field A on E*, we say 

a/3 

that A is linear, if for each pair yu 2 ) of sections of 7r* , the function 

a/3 

A (d(z £ !»/i 1 ) /3 , diiE*^) 13 ) defined on £"* is linear with respect the coordinates 

Co- 
if Hi = nl{x)e a ,H2 = (J%(x)e a , then d E *Hi = Pi(x)^ a , d E *p 2 = P 2 (x)£ a 

and A^^f^d^^f) = A^(x,^(x)n^(x)) a )I^(^)Dl(^ = 

a/3 

It follows that A is linear if and only if A a b(x, £) = C^ b (x)^ c . 

The fractional formulation of the Grabowski and Urbanski's Theorem 
from [6], is the following. 

Theorem 4.1. For every fractional Leibniz algebroid structure on n : 
E — > M wift £ne bracket [•, and £/ie fractional anchors p ± , p 2 , there exists 

a 

an unique fractional 2 - contravariant tensor field A on E* such that the 
following relations hold: 

iE*[o-i,o- 2 ] = [(i E *o-i) /3 , {ie*^) 13 }^ 

A 

= [(^V/la* (44) 

A 

for all a, cti, cr 2 G Sec^) and / G C°°(M). 

a/3 

Conversely, every fractional 2 - contravariant linear tensor field A on 
E* defines a fractional Leibniz algebroid on E if the relations ( 44 ) hold. □ 
Let (x l ),i = l,n be a local coordinate system on U C M and let 
{ei, . . . , e m } be a basis of local sections of E\u ( dim M = n, dim E = n + m 
). We denote by {e 1 , . . . ,e m } the dual basis of local sections of E*\ v and 
(x % ,y a ) ( resp., (x\£ ) ) the corresponding coordinate system on E ( resp., 
E* ). 

a/3 

Let A given by (43). Using (44), it is easy to see that every linear 

a/3 

fractional 2 - contravariant tensor field A on E* has the form: 

A 3 = C d MDl ® Dl + p\ a Dl ® L% - a p\ a D% ® Dl , (45) 
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where C£ b , p la , p 2a € C°°{M) are functions of x\ 

The correspondence between A and a fractional Leibniz algebroid struc- 
ture is given by the following relations : 



[e a ,e b } a = C d ah e d , ^(ej = p la D% , p 2 (e a ) = p 2a D« 



(46) 



We call a fractional dynamical system on the fractional Leibniz algebroid 

a/3 

7r : E — > M , the fractional dynamical system associated to vector field X h 
with h e C°°(E*) given by: 



X h (f) = A(d^f,d^h), for all / e C°°(E*). 



(47) 



In a system of local coordinates (x l , £ ) on the dynamical system (47) 
is given by : 



A 



[x\ /l] a f 



where 



[ZaAf = CU d Dlh + a p la D« xi h 

[x\h]„p = -p 2a D^h 

1,0 — > 1, dynamical system (48) was studied in [6]. 
1 dynamical system (48) has the form: 

1 dynamical system (48) has the form: 

8h 



If a 
If a 



up 



(48) 



(49) 



(50) 



a* 



£a - C^ d ^ + p la D^h 



(51) 



If the fractional Leibniz algebroid is a fractional pre - Lie algebroid ( that 
is, C% b = —C ba ), then the fractional dynamical system (48) is given by : 



Dka = C d ab £ d Dlh + p la D«h 
DfX i = -p la Dlh 
11 



(52) 



If the fractional Leibniz algebroid is a fractional symmetric algebroid 
that is,Cf 6 = C£ a ) , then the fractional dynamical system (48) is given by: 



Dka = C d ab H d Dlh + p la D«h 

(53) 



a » 



DfV = Pla Dlh 

Example 4.1. Let the vector bundle n : E = R 3 x R 3 — > R 3 and 

7r* : E 1 * = R 3 x (R 3 )* — > R 3 the dual vector bundle. We consider on £"* the 

a 

fractional 2 - contravariant linear tensor field A defined by the matrix P 13 , 
the fractional anchors p 1 , p 2 and the function h given by: 

-i^ 3 &x 2 \ / -x 3 x 2 

pp = | ^ o -^X 1 , 3i = ^ 3 o 
-6^ 2 / \ -x 2 

/o -1 \ 

p 2 = 1 -x 1 and h(x,0 = (x 2 ) a (e 2 ) /3 + (x 3 ) a (e 3 ) /3 ,a>0,/5> 
\ x 1 / 

0. 

Using the calculus formulas: 

n/3 It \~i _ xatf-0 r(l+ 7 ) ™ / jw _ rj/ i\ T -q T(l+ 7 ) 

^ a VS6j - Ofe?a r(l+ 7 -/3) ' J ~ °i V X ) r(l+ 7 -a) 

follows: 

Dlh = 0, D^h = F(1 + (3){x 2 ) a , D^h = T(l + (3){x 3 ) a 
D%h = 0, D« 2 h = T{l + a){&) 13 , D^h = T{l + a){x 3 f. 

The fractional dynamical system ( 48 ) for the given elements, has the 
following matrix form: 

Dki \ ( &x 3 £ 2 x 2 

D% = r(i + /?) ^ 3 -ax 1 



D?iz ) \ -&x 2 ^x 1 

+ T(l + a) 




Dfx 1 

Dfx 2 I =-r(l + /3) 



Dfx 3 
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From the above matrix equations follows the fractional dynamical system: 



+r(i + a)(-x 3 (^ + x 2 (^) 
D% = -T(l + P)Ux 3 r 

D^s = T(l+mi(x 2 ) a 

Dfx 1 = -r(i + P)(x 2 ) a 

Dfx 2 = -T(l + p)x\x 3 ) a 

^ Dfx 3 = r(l +/3)x 1 (x 3 ) a 

The fractional dynamical system (54) is the (a,/3)— fractional dynamical 
system associated to fractional Maxwell-Bloch equations. □ 

Conclusion. The numerical integration of the fractional systems pre- 
sented in this paper will be discussed in future papers. 
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